Abstract-Exact results for the probability density function (PDF) and cumulative distribution function (CDF) of the sum of ratios of products (SRP) and the sum of products (SP) of independent α − μ random variables (RVs) are derived. They are in the form of 1-D integral based on the existing works on the products and ratios of α − μ RVs. In the derivation, generalized Gamma (GG) ratio approximation (GGRA) is proposed to approximate SRP. Gamma ratio approximation (GRA) is proposed to approximate SRP and the ratio of sums of products (RSP). GG approximation (GGA) and Gamma approximation (GA) are used to approximate SP. The proposed results of the SRP can be used to calculate the outage probability (OP) for wireless multihop relaying systems or multiple scattering channels with interference. The proposed results of the SP can be used to calculate the OP for these systems without interference. In addition, the proposed approximate result of the RSP can be used to calculate the OP of the signal-to-interference ratio (SIR) in a multiple scattering system with interference.
I. INTRODUCTION
Amplify-and-forward (AF) is widely used for cooperative/ collaborative wireless systems. Multihop communication has been extensively used in vehicular ad hoc networks to provide support for road management, traffic information, safety, or other applications by enabling vehicle-to-vehicle communications [1] . AF can be further divided into disintegrated channel (DC) and cascaded channel (CC). Instantaneous channel state information (ICSI) is often required in DC, resulting in a variable gain (or variable amplification factor). However, ICSI is not necessarily needed in CC, leading to a fixed gain (or fixed amplification factor). Several researchers have studied the performance of wireless multihop relaying with AF in CC using fixed amplification gain due to its lower complexity and higher usage efficiency. In [2] , the lower bounds for the performance of multihop transmissions in CC over Nakagami-m fading channels has been studied, whereas [3] has derived the closed-form expression of the outage probability (OP) over N * Nakagami fading in terms of Meijer's G-function. In [4] , the closed-form expression of the cumulative distribution function (CDF) of CC with multihop relaying over generalized Gamma (GG) fading channels has been obtained and closed-form expressions for bounds of equal gain combining (EGC) over GG have been also derived. However, these works use either infinite series or special functions that are computationally complicated. Reference [5] has presented the approximations to the statistics of products of independent random variables (RVs) without considering relay combining. Reference [6] has proposed the approximations to EGC and maximal ratio combining (MRC) of GG variables without considering multihop transmission. In addition, none of these works has considered the multihop interferences from other transmitting sources in the network. In a multiple-access system or a frequency-reused cell, interferences from other transmitting sources may cause performance degradation and therefore cannot be ignored. Similar research has been done in multiple scattering (keyhole) channel [7] , in which the electromagnetic wave propagates through several keyholes. Then, the overall channel gain can be modeled as the linear combination of product of the RVs but without considering interference.
To fill in this gap, we derive the exact CDF in terms of 1-D integral for the sum of ratios of products (SRP) and the sum of products (SP) of independent α − μ RVs. To reduce the computational complexity, the approximate CDFs of SRP in closed-form expression using the GG ratio approximation (GGRA) and Gamma ratio approximation (GRA) are proposed. In addition, GG approximation (GGA) and Gamma approximation (GA) are presented to approximate the SP. SRP can be used to calculate the OP of EGC or MRC receivers for wireless relaying systems. In this case, statistically independent multiple hops are used with AF protocol and fixed amplification gain. SP can be used to calculate the OP of EGC or MRC receivers of the same channel but without interferences. In addition, SRP can be applied to model the channel gain in a multiple scattering system with interferences, whereas SP can be applied to model the channel gain in a multiple scattering system without interferences. Moreover, GRA is used to approximate the ratio of sums of products (RSP) of α − μ RVs that model the signal-to-interference ratio (SIR) and the corresponding OP in the scattering channels. Numerical results show that the exact results match well with the simulation and the new approximations work well in most regions of interest.
The remainder of this paper is organized as follows. Section II introduces the system model, including SRP, SP, and RSP of independent α − μ RVs. Section III-A derives the exact CDF of the SRP and SP using moment generating function (MGF) in the form of 1-D integral, whereas Section III-B presents the approximate methods using GGRA, GRA, GGA, and GA, followed by applications in Section III-C. Numerical results are given in Section IV. Finally, concluding remarks are made in Section V.
II. SYSTEM MODEL
, each having a probability density function (
the Gamma function, α jl > 0 is related to the nonlinearity of the environment,
is the inverse of the normalized variance of X α jl jl , and E(·) and V (·) are the expectation and variance operators, respectively [8] . One significant character of the α − μ distribution is that it includes the Nakagami-m fading (α jl = 1), Weibull fading (μ jl = 1), and Rayleigh fading (α jl = μ jl = 1) as special cases.
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Define an RV R as the SRP of independent α−μ
and ω l is constant. This SRP can be used to calculate the OP of EGC or MRC receivers for wireless multihop relaying system [2] considering interferences. In addition, in multiple scattering channels [7] , if each scattering is affected by interferences, the overall channel gain can be described as a linear combination of the ratios of signal to interference, and following that, OP in multiple scattering channels can be also obtained.
Define an RV P as the SP of independent
X jl and ω l is constant. This SP can be used to calculate the OP of the EGC or MRC receivers for wireless multihop relaying system without interferences [2] . In addition, it can be used to model the overall channel gain in multiple scattering system [7] , and based on that, OP in multiple scattering channels can be obtained.
Finally, define an RV Z as the RSP of independent α − μ RVs
, given Z = P (1) /P (2) , where
X jl . If we consider P (1) as a linear combination of signal components and P (2) as a linear combination of interferer components, the square of this RSP can be considered as the SIR in a multiple scattering system [7] with interferences. Thus, the OP for SIR in multiple scattering channels can be obtained. These simple expressions give the relationships between OP and important system parameters, such as the number of hops, the number of links, the weighting factors, and signal power values. They could be optimized for different applications.
III. STATISTICS ANALYSIS AND APPLICATIONS
In Section III-A, we derive the exact PDF and CDF of R and P in terms of 1-D integral, whereas in Section III-B, we derive the approximate PDF and CDF of R, P , and Z in closed form. Applications are then given in Section III-C.
A. Exact Result
If the α − μ RVs are independent, the MGF of R l can be derived as (1) , shown at the bottom of the page, where [9] , α l and m jl are positive integers with
m jl , and Δ(a; b)
If the α − μ RVs are independent and identically distributed (i.i.d.), α jl , μ jl , andγ jl become α, μ, andγ, respectively. Therefore, the MGF of R l in (1) is specialized to (2) , shown at the bottom of the page, where n = k − m, and f and e are relatively prime integers satisfying α = f/e.
In addition, when the α − μ RVs are independent, the MGF of P l can be derived as (3), shown below, by setting k = m in (1)
where
If the α − μ RVs in P l are i.i.d., the MGF of P l is specialized to
. (4) Therefore, the PDF and CDF of R in terms of 1-D integral can be expressed as
M R l (s)e sy )/s)ds, respectively. Note that f R (x) and F R (y) can be numerically calculated by using popular mathematical software packages such as MATLAB, MATHEMATICA, and MAPLE. In addition, f R (x) and F R (y) can be evaluated using a finite series in closed form as [10, eq. (9)] and [10, eq. (11)], respectively. The PDF f P (x) and CDF F P (y) of P can be obtained by simply replacing M R l (s) with M P l (s) in f R (x) and F R (y), respectively. No exact results for Z are available due to the difficulty in obtaining them. Note also that [11] provides the PDF of products, quotients, and powers of H-function variates. Although H-function variates include α − μ variates, the result in this reference is only a special case of ours when summation is not considered.
B. Approximate Result
The exact PDF and CDF expressions in integral or series in the previous section are complicated. Thus, in the following, we present new approximation methods GGRA and GRA to approximate R and GRA to approximate Z. In addition, we propose using the conventional approximation methods GGA and GA to approximate P .
1) GGRA for R:
The PDF and CDF of GGRA are given by
(e−1)( 
using popular mathematical software packages, where the nth-order moment E{R n } of R is given in (13) , in Appendix C. Then, the value of k can be obtained by inserting the solutions of d 1 , d 2 , and p into one of the equations in (14) , shown in Appendix C.
See Appendix C for proof.
2) GRA for R and Z:
To simplify the parameter calculation, GRA is proposed by setting p = 1 in GGRA. Therefore, the PDF and CDF of GRA are given by
respectively. GRA can be also used to approximate R for a simplified form. Fortunately, unlike numerical solutions in (7), one can get the closed-form expressions of d 1 , d 2 , and k by setting p = 1 and ignoring the fourth equation in (14) , as
Moreover, GRA is proposed to approximate Z. It is not easy to get the closed form of nth-order moment for Z. However, it is shown in Appendix B that GRA can be considered as the ratio of two GAs. Therefore, the values of d 1 and d 2 can be decided by
, respectively, and k can be solved by k = a 1 /a 2 , where
Numerical results in Section IV will show that GRA has a slightly worse performance than GGRA when approximating R but has a very good match for Z.
3) GGA and GA for P : One can have the PDF and CDF of the conventional approximation method GGA as f X GGA (x)=(pa /p) ), respectively, and one can also have the PDF and CDF of GA as
The unknown values of a, d, and p in GGA and GA can be decided using moment-matching method by equating the nth moment of P in (13) Although GGA and GA are well-known approximation methods, to the best of the authors' knowledge, none of the works in the literature has considered using GGA and GA to approximate the SP of independent α − μ RVs before.
C. Applications
For L-branch EGC receivers of AF relaying system through statistically independent multihop with fixed amplification gain and interferences, the instantaneous end-to-end SNR is given by [4] X jl represents the product of fading coefficients of the interferers through the k−m hops in the lth path. On the other hand, one can rewrite γ R as γ R =(1/L)(E s /N 0 )R 2 , which can be seen as the instantaneous SNR in multiple scattering radio channel. In this case, R can be seen as the overall channel gain considering interferences in each scattering, R 2 can be seen as the fading power, and ω l can be seen as the weight that is a nonnegative real-valued constant that determines the mixture weight of the multiple scattering component [7] . Define the corresponding average SNR in the wireless multihop relaying system or multiple scattering channel,
. By normalizing γ R or γ R with respect to the average end-to-end SNRγ R , one
The OP is defined as the probability that the SNR is below a certain threshold as P o = P r{γ R <γ 0 }. By normalizing both sides of the inequality with the positive value ofγ R and letting γ th =(γ 0/γR ), one has P o = P r{γ R <γ th }. Then, using the exact CDF of R in Section III-A, one has
). In addition, using the approximate CDF of GGRA in (6) and the approximate CDF of GRA in (9), one can get the approximate OP ofγ
Similarly, for L-branch EGC receivers of wireless multihop relaying system without interferences [2] or for transmitting signal in multiple scattering radio channel without interference [7] , the exact results of OP are given by
In addition, using the approximate CDF of GGA and the approximate CDF of GA, one can get the approximate OP as
respectively. Note that the exact and approximate results of OP previously derived can be also applied to L-branch MRC receivers of wireless multihop relaying system with proper modifications. For the exact results, a variable substitution of x by x 2 is needed in the PDF expression of α − μ RVs and in the following MGF expressions. For the approximate results, moment matching should be done by considering
, and E(P 8 ) with the corresponding moments of GGRA, GRA, GGA, and GA. However, EGC is simpler to implement, and its performance is very close to that of MRC although MRC is the optimal combining scheme [13] . Thus, we consider EGC from here on.
Next, we consider the OP for SIR in multiple scattering radio channel. In this case, the SIR I Z is given by
represents the signal power in multiple scattering channel, and
represents the interference power in the same channel. Due to the complexity of the exact OP expression of I Z and the high accuracy of the approximate OP expression GRA of I Z , we only provide the approximate OP for I Z . Thus, the OP of
IV. NUMERICAL RESULTS AND DISCUSSION
Here, numerical results are presented to show the derived exact and approximate expressions. In these examples, the exact results in Section III-A are evaluated using the series forms in [10, eq. (9) ] and [10, eq. (11)] with A = 23.026, N = 15, and Q = 10, whereas the approximate results are calculated using our proposed closed-form approximations in Section III-B. Let α jl = 2, μ jl = 4, andγ jl = 5 for all j. Note that our results are general enough to include other cases, but these settings are used here as examples. Tables I and II compare the exact and approximate PDFs and CDFs of R = 2(X 11 /(X 21 X 31 )) + 3((X 12 X 22 X 32 )/(X 42 X 52 )), respectively. One can see that the PDF and CDF of the GGRA approximation match very well with the exact result. The GRA approximation also matches well with the exact result in most values examined but with a simplified form. Figs. 1 and 2 show the OP versus γ th using EGC receivers in wireless multihop relaying system over α − μ channels. Fig. 1 describes the signal model as R = (X 11 )/(X 21 ) + ((X 12 X 22 )/(X 32 X 42 )), which assumes L = 2 and considers interferences, whereas Fig. 2 describes the signal model as R = X 11 + X 12 X 22 + X 13 X 23 X 33 , which assumes L = 3 and does not consider interference. Figs. 3 and 4 show the OP versus γ th in multiple scattering channels, in which Fig. 3 describes the signal model considering interference as R = 2(X 11 /(X 21 X 31 )) + 3((X 12 X 22 X 32 )/ (X 42 X 52 )), whereas Fig. 4 describes the signal model without interference as R = X 11 + 2X 12 X 22 + 3X 13 X 23 X 33 . Moreover, Fig. 5 shows the OP versus γ th in terms of SIR in multiple scattering channel. In this case, the SIR can be described as I z = Z 2 , where Z = (X 11 + X 21 X 31 )/(X 42 + X 52 X 62 + X 72 X 82 X 92 ).
In Figs. 1-5 , one can see that the OP increases when the SNR threshold increases, as expected. In the extreme case when the SNR threshold goes to infinity, the OP will approach one. Furthermore, the exact results of OP agree very well with the simulations in Figs. 1-4 . The approximate results based on GGRA match very well with the simulations in Figs. 1 and 3 , whereas GGA matches very well with the simulations in Figs. 2 and 4 , showing the usefulness of our approximate expressions. The approximate result based on GRA matches well with the simulations in Figs. 1 and 3 , and GA matches well with the simulations in Figs. 2 and 4 , both between 10 −1 and 1 but with simple structures. Moreover, GRA has a very good match with the simulation in Fig. 5 . 
V. CONCLUSION
The exact results of CDF of the SRP and the SP of independent α − μ RVs in the form of 1-D integral have been derived. In addition, the closed-form approximations for the CDF using GGRA, GRA, GGA, and GA have been obtained. Applications for the OP of EGC receivers in wireless multihop relaying considering interferences or no interferences have been also discussed. Moreover, applications for the OP of signal transmitting in multiple scattering channels considering interferences or no interferences are provided. Numerical examples have shown that the exact result derived agree very well with the simulations and that the GGRA and GGA approximations have a good match with the simulations, whereas the GRA and GA approximations have acceptable performances only in certain cases but with a simpler structure.
APPENDIX A DERIVATION OF THE PDF OF Γ 1,j In addition, with the help of [18] , the nth-order moment of R can be given as
